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Abstract
The author presents five popular topics in Cp-theory giving their general description together with some unsolved problems.
The main idea is to show the areas of major activities displaying what is being done nowadays and trying to outline the trends of
their future development. A big percentage of the cited results and problems are new, i.e., published/obtained in the 21-st century.
However, some classical old theorems and questions are also cited the author being convinced that they are worth to be repeated
with a new emphasis due to what is achieved at the present time.
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0. Introduction
The first critical mass of results accumulated in Cp-theory dates back to the sixties and seventies of the last cen-
tury. They mostly belong to specialists in Functional Analysis and serve specific purposes in their areas; however,
it was soon noticed by topologists that quite a few theorems of Functional Analysis contained very interesting and
nontrivial topological facts. As a consequence, a detailed and systematic study of the topological essence of the men-
tioned advances was undertaken by Arhangel’skii and his school. On this way, some fundamental breakthroughs were
obtained by Arhangel’skii, Gul’ko, Pytkeev, Okunev, Baturov, Reznichenko and other authors. As a result, a bulk of
heterogeneous theorems could be unified to form a consistent and beautiful theory which not only provides a powerful
support for topological needs of other areas of mathematics such as Functional Analysis, Descriptive Set Theory and
Topological Algebra but also has an impressive inner potential for development.
The purpose of this survey is not only to describe the most interesting progress in Cp-theory in the twenty-first
century but to also draw attention to some old problems which seemed to be forgotten for decades until their new
relationships were discovered with the nowadays research. In any discussion of the development of Cp-theory it is
obligatory to mention the books and surveys which constitute cornerstones in giving a shape to the theory as well as
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of topics and open problems to take the reader to the cutting edge of Cp-theory but also gives an introduction for
beginners serving thus as a textbook and a research monograph at the same time.
Arhangel’skii also wrote several excellent surveys (see [4,7–9,13]) highly recommendable for anyone who needs to
get the hang of Cp-theory. McCoy and Ntantu published a book [63] which presents some selected topics of Cp-theory
together with a group of results on function spaces with compact-open topology. Marciszewski published a very
interesting survey [62] focused mainly upon preservation of topological properties by some kind of homeomorphisms
between function spaces. A number of famous and very difficult problems of Cp-theory were solved using the methods
of infinite-dimensional topology. A thorough introduction to the topic and its applications in function spaces is given
in van Mill’s book [64].
1. Notation and terminology
All spaces are assumed to be Tychonoff if the opposite is not stated explicitly. Given a space X the family τ(X)
is its topology and τ(x,X) = {U ∈ τ(X): x ∈ U} for any x ∈ X; if A ⊂ X then τ(A,X) = {U ∈ τ(X): A ⊂ U}. The
unexplained notions can be found in [39,11]; the definitions of cardinal invariants can be consulted in the survey of
Hodel [52].
All ordinals are identified with the set of their predecessors and are assumed to carry the interval topology. As
usual, R is the set of reals and I = [0,1] ⊂ R; the set ω\{0} is denoted by N and D is the doubleton {0,1} with the
discrete topology. For any infinite cardinal κ the space A(κ) is the one-point compactification of the discrete space of
cardinality κ . We use the symbol c to denote the cardinality of the continuum, i.e., c = 2ω.
For any spaces X and Y the set C(X,Y ) consists of continuous functions from X to Y ; if it has the topology
induced from YX then the respective space is denoted by Cp(X,Y ). We write C(X) instead of C(X,R) and Cp(X)
instead of Cp(X,R).
Given a set A let Σ(A) = {x ∈ RA: the set {a ∈A: x(a) = 0} is countable} and Σ∗(A) = {x ∈ RA: the set {a ∈ A:
|x(a)| ε} is finite for any ε > 0}. All possible sets Σ(A) are called Σ -products of real lines and the sets Σ∗(A) are
referred to as Σ∗-products of real lines.
If X is a space then Δ usually denotes its diagonal {(x, x): x ∈ X}; however, the cardinal Δ(X) = min{κ: the
diagonal Δ is the intersection of κ-many open subsets of X×X} is the diagonal number of X. A space X is scattered
if every subspace Y ⊂ X has an isolated point; the space X is called simple if it has a unique nonisolated point. A map
f :X → Y is called condensation if it is a continuous bijection; in this case we say that X condenses onto Y . If X
condenses onto a subspace of Y we say that X condenses into Y .
Given a space X let Cp,0(X) = X and Cp,n+1(X) = Cp(Cp,n(X)) for all n ∈ ω, i.e., Cp,n(X) is the nth iterated
function space of X. A family N is a network of X if every U ∈ τ(X) is the union of some subfamily of N . The
spaces with a countable network are called cosmic. If ϕ is a cardinal invariant then ϕ∗(X) = sup{ϕ(Xn): n ∈ N} for
every space X; for example, l∗(X) ω if and only if all finite powers of X are Lindelöf.
2. Compact spaces in functional analysis and Cp-theory
The classes of Eberlein compact spaces and Corson compact spaces occur naturally in the theory of Banach spaces.
A compact space K is called Eberlein compact if it homeomorphic to a subspace of a Banach space with its weak
topology. A topological equivalent of this definition says that a compact space K is Eberlein compact if it embeds
in Cp(X) for some compact space X. It is a deep theorem of Amir and Lindenstrauss [2] that a compact space K is
Eberlein compact if and only if it embeds into a Σ∗-product of real lines (see also [11] for a topological proof).
The are a great deal of subtle and difficult results about Eberlein compact spaces. The following theorem compiles
their well-known characterizations.
Theorem 2.1. The following are equivalent for any compact space K :
(1) K is Eberlein compact;
(2) K can be embedded into a Σ∗-product of real lines;
(3) there is a compact subspace L ⊂ Cp(K) which separates the points of K ;
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(5) there is a σ -compact subspace S ⊂ Cp(K) which separates the points of K ;
(6) there is a dense σ -compact subspace S ⊂ Cp(K);
(7) K is embeddable in Cp(L) for some compact space L;
(8) K is embeddable in Cp(S) for some σ -compact space S;
(9) there exists a σ -point-finite family U of open σ -compact subspaces of K which T0-separates the point of K in
the sense that, for any distinct points x, y ∈K there is U ∈ U such that U ∩ {x, y} is a singleton;
(10) Cp(K) is a continuous image of (A(κ))ω ×ωω for some cardinal κ .
It is also convenient to formulate the basic properties of Eberlein compact spaces.
Theorem 2.2.
(1) Any countable product of Eberlein compact spaces is Eberlein compact;
(2) Any continuous image of an Eberlein compact space is Eberlein compact;
(3) If K is Eberlein compact then w(K) = d(K) = c(K);
(4) Any Eberlein compact space K is a Preiss–Simon space and, in particular, every pseudocompact subspace of K
is compact;
(5) Every Eberlein compact space is Fréchet–Urysohn, monolithic and has a dense completely metrizable subspace.
Given any space X denote by FC(X) the set {x ∈ X: χ(x,X) ω}; in other words, FC(X) is the set of points at
which X is first countable. If M is a dense metrizable subspace of X then M ⊂ FC(X); since every Eberlein compact
space contains a dense ˇCech-complete metrizable subspace, the following statement is true.
Proposition 2.3. If K is an Eberlein compact space then the set FC(K) contains a dense ˇCech-complete subspace.
Therefore, a natural question is whether the set FC(K) is ˇCech-complete for every Eberlein compact space K .
Jardón and Tkachuk constructed a counterexample in [54]; in fact, they proved that there exists an Eberlein compact
space K such that K\FC(K) is not Lindelöf. Since the set FC(K) often gives a crucial information about a compact
space K , the nontrivial situation with Eberlein compact spaces shows that it is important to study the set FC(K) for
compact spaces K dealt with in Functional Analysis.
If K is a scattered compact space then K\FC(K) is Lindelöf [54]; therefore a positive result might be possible for
this class.
Problem 1. Suppose that K is a scattered (Eberlein) compact space. Must the set FC(K) be ˇCech-complete?
If K is a Corson compact space then the set FC(K) is dense in K but does not necessarily have a dense metrizable
subspace, so Proposition 2.3 cannot be automatically generalized to this class.
Problem 2. Is it true that, for each Corson compact space K , the set FC(K) contains a dense ˇCech-complete subspace?
Another interesting question about the set of points of countable character FC(K) of a compact space K is when
FC(K) is metrizable. It is not necessarily metrizable if K is Eberlein compact because there exist nonmetrizable first
countable Eberlein compacta. However, a scattered first countable compact space is countable so solving the following
question would give a new information about Eberlein compact spaces.
Problem 3. Is it true that, for every scattered Eberlein compact space K , the set FC(K) is metrizable?
It is often useful to consider a similar class and see whether the theorems proved for Eberlein compacta are true in
this class. Jardón introduced in [53] a class of weakly Eberlein compact spaces which turned out to unify the class of
splittable spaces and Eberlein compact spaces.
2468 V.V. Tkachuk / Topology and its Applications 154 (2007) 2465–2493Recall that a space X is splittable [18] if, for any f ∈ RX there exists a countable A ⊂ Cp(X) such that f ∈ A
(the bar denotes the closure in RX). Intuitively, being splittable means a possibility to approximate any function on X
by countably many continuous functions. The class of splittable spaces (also called cleavable spaces) was studied in
[18,19,12,14,25,87,89] and other papers.
Definition 2.4. Call a space X weakly splittable if, for any f ∈ RX there exists a σ -compact subspace S ⊂ Cp(X)
such that f ∈ S (the bar denotes the closure in RX). A weakly splittable compact space is called weakly Eberlein
compact.
It is clear that every splittable space is weakly splittable. If K is Eberlein compact then there is a dense σ -compact
subspace S ⊂ Cp(K). Since S is also dense in RK , the space K is weakly splittable, i.e., any Eberlein compact is
weakly Eberlein compact.
It turns out that weakly Eberlein compact spaces have quite a few properties in common with Eberlein compacta.
The following theorem presents some of them.
Theorem 2.5. (See [53].) If K is weakly Eberlein compact then
(1) K is a Fréchet–Urysohn monolithic space;
(2) if w(K) c then K is Eberlein compact;
(3) the space Cp(K) is Lindelöf ;
(4) w(K) = d(K) = c(K) and K has the Preiss–Simon property.
The most intriguing unsolved question is whether every weakly Eberlein compact has to be Eberlein compact. It is
not even clear whether it has some weaker properties as can be seen from the following question (see [53]).
Problem 4. Must every weakly Eberlein compact space K be Corson compact? Must K be Gul’ko compact or
Eberlein compact?
In the case of scattered compact spaces many properties are easier to prove. For example, any scattered Corson
compact space is Eberlein compact so it is natural to ask whether this property is sufficient to turn weakly Eberlein
compact into Eberlein compact.
Problem 5. (See [53].) Suppose that a weakly Eberlein compact space K is scattered. Must K be Eberlein compact?
Some properties of Eberlein compacta resist to be proved for weakly Eberlein compact spaces. Since Eberlein
compacta are preserved by continuous maps and countable products the analogous questions formulated in [53] make
sense for weakly Eberlein compacta.
Problem 6. Is every continuous image of a weakly Eberlein compact a weakly Eberlein compact?
Problem 7. Suppose that K is a weakly Eberlein compact space. Must X ×X be weakly Eberlein compact?
By definition, weakly Eberlein compacta are weakly splittable. The following theorem proved in [53] shows another
kind of their relationship with Eberlein compact spaces.
Theorem 2.6. (See [53].) A compact space K is weakly Eberlein compact if and only if K is splittable over the class
of Eberlein compact spaces.
Therefore an analogous theory can be constructed for Corson compact spaces and Gul’ko compact spaces. But, of
course, the following two questions asked in [53] must be answered first.
Problem 8. Suppose that a compact space K is splittable over the class of Corson compact spaces. Must K be Corson
compact?
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Define a partial order  on the set ωω of the irrationals by letting f  g if f (n)  g(n) for any n ∈ ω. Say that
a space X is dominated by the irrationals if there exists a compact cover K = {Kf : f ∈ ωω} of the space X such
that f  g implies Kf ⊂ Kg ; such a family K is called ωω-ordered compact cover of X. This concept is widely used
in Descriptive Set Theory and its applications in Functional Analysis because it is closely related to K-analyticity.
Recall that X is a Kσδ-space if it is homeomorphic to a countable intersection of σ -compact subspaces of some
space. A space is K-analytic if it is a continuous image of a Kσδ-space. Every K-analytic space is easily seen to be
dominated by the irrationals but the converse is not true.
Talagrand proved in [81] that if X is compact and Cp(X) is dominated by the irrationals then Cp(X) is K-analytic;
Tkachuk showed in [95] that compactness can be omitted in this result, i.e., we have the following fact.
Theorem 2.7. If X is any space then Cp(X) is dominated by the irrationals if and only if it is K-analytic.
Cascales and Orihuela introduced a stronger notion in [29]; say that a space X is strongly dominated by the ir-
rationals if it has an ωω-ordered compact cover K = {Kf : f ∈ ωω} and, for any compact subspace K ⊂ X there is
f ∈ ωω such that K ⊂ Kf , i.e., the family K “swallows” all compact subsets of X. To show that strong domination
by the irrationals is important for topologists it suffices to look at the following two results.
Theorem 2.8. (See Christensen [31].) A second countable space is strongly dominated by the irrationals if and only
if it is completely metrizable.
Theorem 2.9. (See Cascales and Orihuela [30].) A compact space K is metrizable if and only if the space (K×K)\Δ
is strongly dominated by the irrationals. Here Δ= {(x, x): x ∈ K} is the diagonal of the space K .
An interesting thing about Theorem 2.9 is that Cascales and Orihuela proved this purely topological metrization
result dealing with function spaces and nowadays no direct topological proof is known.
Problem 10. Let K de a compact space such that (K ×K)\Δ is dominated by the irrationals. Must K be metrizable?
3. Lindelöf Σ-property in function spaces
The shortest way to define the Lindelöf Σ -property is to say that a space X is Lindelöf Σ if there exists a space
Y which maps continuously onto X and perfectly onto a second countable space. This sounds technical and artificial;
however, it is evident that this concept is a generalization of compactness. It takes some effort to prove that any
σ -compact space and even every K-analytic space is Lindelöf Σ so one can guess why this property is intensively
studied in Descriptive Set Theory and Functional Analysis.
For example, compact spaces X for which Cp(X) is a Lindelöf Σ -space appear naturally in Functional Analysis
when weakly countably determined Banach spaces are under consideration (see [40, Chapter 7]). This class of Banach
spaces is thoroughly studied because of its nice categorical properties; one of characterizations of a weakly countably
determined Banach space is the Lindelöf Σ -property of the function space of the unit ball of the dual space endowed
with the weak∗-topology.
Another sign of importance of a topological notion is the number of equivalent definitions for it. One can easily
give ten or more equivalencies for compactness but if a concept is of little use then it is difficult to find two. Lindelöf
Σ -property is not an exception.
Theorem 3.1. The following properties are equivalent for any space X:
(1) X is a Lindelöf Σ -space;
(2) there exists a compact cover C of the space X such that some countable family N of subsets of X is a network
mod(C) in the sense that, for any C ∈ C and any U ∈ τ(X) with C ⊂ U there is N ∈N such that C ⊂ N ⊂ U ;
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network mod(C);
(4) there exists a countable family N of compact subsets of βX such that N separates X from βX\X in the sense
that, for any x ∈X and y ∈ βX\X there is N ∈N for which x ∈N and y /∈N ;
(5) there exists a compactification bX of the space X and a countable family N of compact subsets of bX which
separates X from bX\X;
(6) there exists a space Y such that X ⊂ Y and some countable family of compact subsets of Y separates X from
Y\X;
(7) X belongs to any class which contains compact spaces, second countable spaces and is invariant under closed
subspaces, finite products and continuous images;
(8) there is an upper semicontinuous compact-valued onto map ϕ :M → X for some second countable space M ;
(9) there is an upper semicontinuous compact-valued onto map ϕ :P → X for some subspace P of the irrationals;
(10) there exist spaces K and M such that K is compact, M is second countable and X is a continuous image of a
closed subspace of K ×M .
In Cp-theory, an extensive study of the Lindelöf Σ -property in function spaces started after Sipacheva proved the
following theorem.
Theorem 3.2. (See [76].) If K is Eberlein compact then Cp,n(K) is a Lindelöf Σ -space for any n ∈ N.
It is mandatory to mention a fundamental result of Baturov which still brings useful applications ten years after it
was proved.
Theorem 3.3. (See [21].) If K is a Lindelöf Σ -space then ext(Y ) = l(Y ) for any Y ⊂ Cp(K).
Actually, when this result was proved it was new even for compact spaces K . Okunev strengthened in [67] the
mentioned result of Sipacheva in the following way.
Theorem 3.4. (See [67].) If X and Cp(X) are Lindelöf Σ -spaces then Cp,n(X) is a Lindelöf Σ -space for any n ∈ N.
Soon after Okunev proved the above theorem, examples were constructed (see e.g., [13]) which showed that the
Lindelöf Σ -property of Cp(X) does not imply that CpCp(X) is Lindelöf Σ ; analogously Cp(X) can fail to be
Lindelöf Σ while the space CpCp(X) has the Lindelöf Σ -property. The following theorem of Tkachuk [91] gave a
complete classification of the Lindelöf Σ -property in iterated function spaces.
Theorem 3.5.
(1) If Cp,2k+1(X) is a Lindelöf Σ -space for some k ∈ ω then Cp,2n+1(X) is a Lindelöf Σ -space for all n ∈ ω;
(2) If Cp,2k+2(X) is a Lindelöf Σ -space for some k ∈ ω then Cp,2n+2(X) is a Lindelöf Σ -space for all n ∈ ω.
It can be seen from the cited results that being Lindelöf Σ is a very strong restriction on Cp(X). Another such
restriction is given by the following theorem.
Theorem 3.6. (See [92].) If ω1 is a caliber of X and Cp(X) is a Lindelöf Σ -space then X has a countable network.
Problem 11. Suppose that Cp(X) is a Lindelöf Σ -space and ω1 is a caliber of Cp(X). Must X have a countable
network?
There are models of ZFC in which a hereditarily separable compact space need not be metrizable if Cp(X) is
Lindelöf (see [99]). However, the Lindelöf Σ -property in Cp(X) makes such a situation impossible in ZFC.
Theorem 3.7. (See [92].) If Cp(X) is a Lindelöf Σ -space and s(X) ω then X has a countable network.
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It turned out that if K is compact and Cp(K) is Lindelöf Σ then K is Corson compact, i.e., it can be embedded in
a Σ -product of real lines. This theorem of Gul’ko (see [48]) placed the class of such compact spaces in the middle of
the hierarchy of the compacta which are studied in Functional Analysis: Eberlein compacta, Talagrand compacta and
Corson compacta. That is why this class was named Gul’ko compacta.
The difficulty of a mathematical fact is usually a good reason for frightening everyone off any attempts to get a
stronger result. Apart from being difficult and nontrivial, Gul’ko’s theorem brought so much harmony to the classifi-
cation of compact spaces from Functional Analysis that so far, there was no much interest as to what happens outside
of the class of compact spaces. The methods of proof, both topological and the one from the theory of Banach spaces
apparently fall apart if compactness of X is not assumed.
However, we already saw that the Lindelöf Σ -property of Cp(X) usually has very strong implications even if
nothing is assumed about X. Tkachuk proved in [98] that the situation with the Gul’ko’s theorem is similar.
Theorem 3.8. For any space X if Cp(X) is a Lindelöf Σ -space then X condenses into a Σ -product of real lines.
Theorem 3.9. If both spaces X and Cp(X) are Lindelöf Σ then Cp(X) linearly condenses into a Σ -product of real
lines.
Of course, the last two results constitute a far-reaching generalizations of the mentioned theorem of Gul’ko. They
also show that if Cp(X) is Lindelöf Σ then there is no need to assume that X is compact to call it a Gul’ko space.
Thus, from now on we say that X is a Gul’ko space if Cp(X) is Lindelöf Σ .
Problem 13. Suppose that X is a Gul’ko space. Can Cp(X) be condensed into a Σ -product of real lines?
Problem 14. Suppose that Cp(X) is a Lindelöf Σ -space for some space X. Can Cp(X) be condensed onto a Fréchet–
Urysohn space? How about condensing Cp(X) onto a space of countable tightness?
Problem 15. Does every Gul’ko space have a dense Lindelöf Σ -subspace?
Call a space simple if it has at most one nonisolated point. If K is compact then finding a subspace of Cp(K) which
separates the points of K is the same as finding a subspace that generates the topology of K . It is a theorem of Amir
and Lindenstrauss [2] that, for any Eberlein compact space K there is a simple compact subspace Q ⊂ Cp(K) that
separates the points of K .
Sokolov [77] proved that, for any Corson compact space K there is a simple closed Lindelöf subspace of Cp(K)
which separates the points of K . In particular, this is true for any Gul’ko compact space K [58]. If we do not require
that X be compact then a subspace of Cp(X) that separates the points of X gives information on possibilities to
condense X onto a nice space.
Theorem 3.10. If both X and Cp(X) are Lindelöf Σ then there is a closed simple subspace L ⊂ Cp(X) which
separates the points of X.
We have mentioned in Theorem 3.6 that a Gul’ko space X with caliber ω1 has a countable network. Okunev and
Tkachuk [70] constructed examples showing that there exist Gul’ko spaces X with p(X) = ω (i.e., every point-finite
family of nonempty open subsets of X is countable) for which nw(X) > ω. However, the network weight of such
spaces cannot be arbitrarily large as the following theorem shows.
Theorem 3.11. If X is a Gul’ko space and p(X) ω then nw(X) c.
If X is a Gul’ko space then its Hewitt realcompactification υX is Lindelöf Σ by a theorem of Okunev (see [67])
so Gul’ko spaces are in some way close to Lindelöf Σ -spaces. Any Lindelöf Σ -space is easily seen to be the union
of c-many compact subspaces; an immediate consequence is that any Lindelöf Σ -space of countable pseudocharacter
has cardinality at most c. It would be interesting to check whether the same holds for Gul’ko spaces.
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4. Function spaces and theory of cardinal invariants
The structure of a topological algebra compatible with the topology of Cp(X) essentially improves the behavior
of many topological properties in Cp(X). For example, if Cp(X) is first countable then it is metrizable, if Cp(X) is
σ -compact then X is finite, etc. Therefore it is of special interest to see what shape some general topological theorems
take if formulated for the spaces Cp(X). Our first groups of results show the relationship, for the spaces Cp(X),
between the Gruenhage’s W -property and the notion of point-countable π -base.
Theorem 4.1. (See Shapirovsky [75].) If K is a compact space of countable tightness then K has a point-countable
π -base.
This famous result of Shapirovsky (which we formulated only for the countable case) has numerous implications
in what concerns irreducible maps of compact spaces into Σ -products of real lines, metrization theorems and many
other things. It also makes evident that detecting whether a space X has a point-countable π -base often brings a crucial
information about X. We will outline next how the consideration of point-countable π -bases in Cp(X) helps to solve
an old problem of Gruenhage unrelated with Cp-theory.
Given a space X we will say that a set A ⊂ X is concentrated around a set B ⊂ X (a point x ∈ X) if A\U is
countable for any U ∈ τ(B,X) (or U ∈ τ(x,X), respectively). For any space X and natural n > 1 the n-diagonal of
X is the set Δn(X)= {(x1, . . . , xn) ∈Xn: there exist distinct i, j  n such that xi = xj }.
Theorem 4.2. (See [94].) Suppose that we are given a space X for which there exists a sequence {km: m ∈ ω} ⊂ N\{1}
and a family of sets {Am: m ∈ ω} such that sup{|Am|: m ∈ ω} = |X| and Am ⊂ Xkm\Δkm(X) is concentrated around
Δkm(X) for any m ∈ ω. Then the space Cp(X) has a point-countable π -base.
Corollary 4.3. If X is a space and there is a number n ∈ N\{1} such that some set A ⊂ Xn\Δn(X) is concentrated
around Δn(X) and |A| = |X| then Cp(X) has a point-countable π -base. In particular, if there is a set A ⊂ X which
is concentrated around some point of X and |A| = |X| then Cp(X) has a point-countable π -base.
These sufficient conditions imply that, for quite a few classes of spaces X, there exists a point-countable π -base in
Cp(X).
Theorem 4.4.
(1) If α is an ordinal with its order topology then the space Cp(α) has a point-countable π -base.
(2) If X is a countably compact space and AD(X) is its Alexandroff double then the space Cp(AD(X)) has a point-
countable π -base.
(3) If X is a scattered Corson (or, equivalently, Eberlein) compact space then Cp(X) has a point-countable π -base.
Problem 17. Let X be a scattered compact space. Must the space Cp(X) have a point-countable π -base?
The following results show that, for some wide classes of spaces (for example, for all compact spaces X) the
conditions of Theorem 4.2 give a characterization of existence of a point-countable π -base in Cp(X).
Theorem 4.5. If X is an infinite space with l∗(X) = ω then the following conditions are equivalent:
(a) Cp(X) has a point-countable π -base;
(b) there exists a sequence {km: m ∈ ω} ⊂ N\{1} and a family of sets {Am: m ∈ ω} such that sup{|Am|: m ∈ ω} = |X|
and Am ⊂ Xkm\Δkm(X) is concentrated around Δkm(X) for any m ∈ ω.
Corollary 4.6. Suppose that X is an infinite space with l∗(X) = ω. If |X| is a regular uncountable cardinal then the
following conditions are equivalent:
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(b) there exists n ∈ N\{1} and a set A ⊂ Xn\Δn(X) such that A is concentrated around Δn(X) and |A| = |X|.
However, there is no criterion of existence of a point-countable π -base in Cp(X) for any Tychonoff space X.
Problem 18. How to characterize the existence of a point-countable π -base in Cp(X) for an arbitrary space X? Is the
sufficient condition of Theorem 4.2 also necessary?
To see that some spaces Cp(X) do not have a point-countable π -base the following results could be useful.
Theorem 4.7.
(1) If X is a metrizable space and Cp(X) has a point-countable π -base then X is countable.
(2) If X is a space such that l∗(X)= ω and Cp(X) has a point-countable π -base then |X| = Δ(X).
(3) if X is a compact space such that Cp(X) has a point-countable π -base then w(X)= |X|.
Gruenhage introduced in [43] the following generalization of first countable spaces.
Definition 4.8. Given a space X and a closed set F ⊂ X say that OP and PT play a Gruenhage game on X at the set F
if the nth move of OP is to pick a set Un ∈ τ(F,X) while PT responds by taking a point xn ∈ Un. The game is played
ω moves and the player OP wins if the sequence {xn: n ∈ ω} converges to F in the sense that {n ∈ ω: xn /∈ U} is finite
for any U ∈ τ(F,X). Now, F is called a W -set if the player OP has a winning strategy in the Gruenhage game at F .
If all singletons of X are W -sets, the space X is called a W -space.
Gruenhage proved (see [43,44]) that W -spaces have many interesting categorical properties; in particular, if X
embeds in a Σ -product of first countable spaces then X is a W -space. Therefore it is a natural question to ask (see
[44]) whether every W -space embeds in a Σ -product of first countable spaces. It turned out that a counterexample
can come from Cp-theory.
Theorem 4.9. (See [94].) For any space X if Cp(X) embeds in a Σ -product of first countable spaces then Cp(X) has
a point-countable π -base.
In the proof of the last theorem, the algebraic structure of Cp(X) is used heavily so it is interesting whether this
result holds only for Cp-spaces.
Problem 19. Suppose that a space X embeds in a Σ -product of first countable spaces. Must X have a point-countable
π -base? What happens if X is a topological group?
The following theorem gives a consistent answer to Problem 5.7 of [44].
Theorem 4.10. If 2ω = ω1 and 2ω1 = ω2 then there exists a space X such that Cp(X) is a W -space with no point-
countable π -base. Thus Cp(X) cannot be embedded in a Σ -product of first countable spaces.
An essential part of the theory of cardinal invariants is the study of conditions for metrizability of compact spaces
representable as continuous images of dense subspaces of products of nice spaces. The strongest result of this kind
belongs to Tkachenko (see [82,83]).
Theorem 4.11. (See [83].) Suppose that a space Nt has a countable network for each t ∈ T . Given any point u ∈N =∏{Nt : t ∈ T } and any dense subset S ⊂ Σ(N,u), assume that a space X of pointwise countable type is a continuous
image of S. Then X has a countable network. In particular, if X is compact then X is metrizable.
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uous images are metrizable. This is not true in general, even if X is compact. Below, the symbol I denotes the closed
interval [0,1] with the topology induced from R.
Proposition 4.12. (See [84].) For any cardinal κ if Dκ is the discrete space of cardinality κ then K = βDκ is a
compact space such that Cp(K) maps continuously onto the Tychonoff cube Iκ .
Still, being a compact continuous image of a space Cp(X) implies strong restrictions as can be seen from the
following theorem [84].
Theorem 4.13. If X is an arbitrary space and a compact space K is a continuous image of Cp(X) then:
(i) if K is not metrizable then K maps continuously onto Iω1 ;
(ii) if w(K) > κ then K maps continuously onto Iκ+ ;
(iii) if w(K) κ and cf (κ) > ω then K maps continuously onto Iκ .
Therefore, to verify that all compact continuous images of a space Cp(X) are metrizable it suffices to check that
Cp(X) cannot be mapped continuously onto Iω1 . Recall that a space X is (strongly) κ-monolithic if, for any A ⊂ X
with |A| κ , we have nw(A) κ (or w(A) κ respectively).
Theorem 4.14. (See [84].) Given an uncountable cardinal κ suppose that a space X is strongly κ-monolithic and
l(X) < cf (κ). Then w(Y) < κ for any compact space Y which is a continuous image of Cp(X). In particular, if X is
a Lindelöf strongly ω1-monolithic space then every compact continuous image of Cp(X) is metrizable.
Corollary 4.15. If K is Lindelöf and w(K)  ω1 then any compact continuous image of Cp(K) is metrizable. In
particular, any compact continuous image of Cp(Iω1) is metrizable.
It follows from Theorem 4.14 that, given an uncountable regular cardinal κ and a κ-monolithic compact space K ,
we have w(X) < κ whenever X is a compact continuous image of Cp(K). In particular, if K is ω1-monolithic then
every compact continuous image of Cp(K) is metrizable. However, the following stronger version of this result was
established in [84].
Theorem 4.16. Given a cardinal κ with cf (κ) > ω if X is a κ-monolithic Lindelöf Σ -space and Y is a compact
continuous image of Cp(X) then w(Y) < κ . In particular, if X is an ω1-monolithic Lindelöf Σ -space then every
compact continuous image of Cp(X) is metrizable.
Recall that Luzin’s Axiom says that 2ω1 > c; evidently, it is a consequence of Continuum Hypothesis. Curiously
enough, the following theorem (see [84]) gives an equivalent Cp-version of Luzin’s Axiom.
Theorem 4.17. Every one of the following statements is equivalent to Luzin’s Axiom (2ω1 > c):
(a) for any separable compact space K any compact continuous image of Cp(K) is metrizable;
(b) any compact continuous image of Cp(βω) is metrizable;
(c) any compact continuous image of Cp(Ic) is metrizable;
(d) for any compact space K with w(K) c any compact continuous image of Cp(K) is metrizable.
So far, only for large compact spaces K it was proved that Cp(K) can be mapped continuously onto a nonmetriz-
able compact space. If K is compact and |K|  c then w(K) c so under Luzin’s Axiom, any compact continuous
image of Cp(K) is metrizable.
Problem 20. Let K be a compact space with |K| c. Is it true in ZFC that every compact continuous image of Cp(K)
is metrizable?
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compact continuous images of Cp(X).
Theorem 4.18. (See [84].) If X is Lindelöf and w(X) c then under Luzin’s Axiom every compact continuous image
of Cp(X) is metrizable.
Corollary 4.19. Under Luzin’s Axiom, if X is a Lindelöf first countable space then every compact continuous image
of Cp(X) is metrizable.
It would be nice to have a positive result for first countable Lindelöf spaces in ZFC. However, this is not obtained
even for compact first countable spaces.
Problem 21. Let K be a first countable compact space. Is it true in ZFC that every compact continuous image of
Cp(K) is metrizable? What happens if K is Fréchet–Urysohn or has countable tightness?
Strangely enough, even hereditarily separability of the relevant compact space does not seem to help.
Problem 22. Let K be a hereditarily separable compact space. Is it true in ZFC that every compact continuous image
of Cp(K) is metrizable?
For perfectly normal compact spaces the situation is different.
Theorem 4.20. (See [84].) If K is a perfectly normal compact space then every compact continuous image of Cp(K)
is metrizable.
Of course, under Luzin’s Axiom, the cited result is an immediate consequence of Theorem 4.18; however, it gives
a new information because it is true in ZFC.
Proposition 4.21. For any ordinal α, every compact continuous image of Cp(α) is metrizable.
Proof. Observe first that α is a monolithic space so if cf (α)  ω then α is σ -compact and hence every compact
continuous image of Cp(α) is metrizable by Theorem 4.16. If cf (α) > ω then α + 1 = βα which shows that Cp(α)
is a continuous image of Cp(α + 1) and therefore every compact continuous image of Cp(α) is metrizable being a
continuous image of Cp(α + 1). 
Problem 23. Let K be a linearly ordered compact space. Must every compact continuous image of Cp(K) be metriz-
able?
Problem 24. Let K be a scattered compact space. Must every compact continuous image of Cp(K) be metrizable?
If X is not compact then Cp(X) can often be mapped continuously onto Iω1 ; this is the case, for example, for any
uncountable discrete space X. However, it was established in [84] that in the case when Cp(X) is Lindelöf we often
obtain a metrization theorem.
Theorem 4.22. If X is a space such that Cp(X) is a Lindelöf Σ -space then every compact continuous image of Cp(X)
is metrizable.
Theorem 4.23. If X is a space such that Cp(X) is Lindelöf and t (Cp(X)) = ω then every compact continuous image
of Cp(X) is metrizable. In particular, if X is compact or Lindelöf Σ and Cp(X) is Lindelöf then every compact
continuous image of Cp(X) is metrizable.
Unfortunately, it is not clear whether it is possible to get rid of tightness restriction in Theorem 4.23 so the following
question occurs naturally.
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metrizable?
Observe that if Cp(X) is hereditarily Lindelöf or hereditarily separable then every compact continuous image of
Cp(X) is metrizable; this follows easily from the fact that such a Cp(X) cannot be continuously mapped onto Iω1 and
hence Theorem 4.13 applies.
Problem 26. Let X be a Lindelöf P -space. Must every compact continuous image of Cp(X) be metrizable?
Problem 27. Let X be a hereditarily Lindelöf space. It is true in ZFC that every compact continuous image of Cp(X)
is metrizable?
A space is called d-separable if it has a dense subspace which can be represented as the countable union of discrete
subspaces. This notion is a useful generalization of both metrizable and separable spaces. Arhangel’skii [5] was the
first one to study d-separable spaces systematically. He proved, among other things, that both dyadic and Eberlein
compact spaces are d-separable and established that any product of d-separable spaces is also d-separable.
In the spaces of countable spread d-separability coincides with separability so the essence of many results on
countable spread is to actually show that the considered space is d-separable. For example, it was well known that a
Gul’ko compact space is metrizable if it has countable spread; Leiderman showed in [58] that one of the reasons to
that is that any subspace of a Gul’ko compact space is d-separable.
Given a space X and n ∈ N call a discrete subspace D ⊂ Xn essential if |D| = iw(X) and D ∩ Δn(X) = ∅. In
particular, any discrete D ⊂ X with |D| = iw(X), is essential.
Theorem 4.24. (See [97].) Given a space X if, for some n ∈ N, there exists an essential discrete subspace D ⊂ Xn
then Cp(X) is d-separable. In particular, if there exists a discrete subspace of X of cardinality iw(X) then Cp(X) is
d-separable.
The requirement that the discrete subspace be outside of the diagonal is not needed in case of the square of the
space.
Theorem 4.25. If X is a space and there exists a discrete subspace D ⊂ X × X with |D| = iw(X) then Cp(X) is
d-separable.
Since spread is the supremum of cardinalities of discrete subspaces, a space X does not necessarily have a discrete
subspace of size s(X); thus the condition iw(X) s(X) is formally a weaker property than having a discrete subspace
of cardinality iw(X).
Problem 28. Does it follow from iw(X) s(X) that Cp(X) is d-separable?
The following criterion of d-separability of finite powers of Cp(X) shows once again that, in many cases, if a
property holds in the square of Cp(X) then it holds in all finite powers of Cp(X). The same happens, for example,
with spread, hereditary density, hereditary Lindelöf number and perfect normality in finite powers of Cp(X).
Theorem 4.26. For any space X, if the cardinal κ = iw(X) has uncountable cofinality then the following conditions
are equivalent:
(a) (Cp(X))n is d-separable for all n 2;
(b) (Cp(X))n is d-separable for some n 2;
(c) Cp(X)×Cp(X) is d-separable;
(d) for some m ∈ N, there is a discrete D ⊂ Xm with |D| = κ .
Corollary 4.27. If sup{s(Xn): n ∈ N} > iw(X) then Cp(X) is d-separable.
V.V. Tkachuk / Topology and its Applications 154 (2007) 2465–2493 2477A well-known example of a nonmetrizable compact space X such that Xn is hereditarily separable for all n ∈ N
(see [99]) shows that, under CH, the space Cp(X) need not be d-separable for a compact space X.
Corollary 4.28. If X is a Corson compact space then Cp(X) is d-separable.
Corollary 4.29. If X is a metrizable space then Cp(X) is d-separable.
Theorem 4.30. If X is a Gul’ko space then Cp(X) is d-separable.
The question whether s(Cp(X)) = s(Cp(X)×Cp(X)) is open for about two decades (see, e.g., [10]); the analogous
question for hereditary Lindelöf number is open as well. However, it is known that hd(Cp(X)) = hd(Cp(X)×Cp(X))
so the following question might need less time to be solved.
Problem 29. Does d-separability of the space Cp(X)×Cp(X) imply d-separability of Cp(X)?
The following example shows that the answer for general spaces is negative, at least under Continuum Hypothesis.
Theorem 4.31. Under CH, there is a dense Luzin subspace X of the Σ -product Σ = {x ∈ Dω1 : |x−1(1)| ω} of the
Cantor cube Dω1 such that the space X ×X is d-separable. Hence, under CH, there exists a non-d-separable space
whose square is d-separable.
Recently, Juhász and Szentmiklóssy [56] gave a ZFC example of a space X such that Cp(X) is not d-separable.
They also established the following nontrivial fact.
Theorem 4.32.
(1) For any X the space Xd(X) is d-separable.
(2) For any compact X the space Xω is d-separable.
The next theorem improves the result of Leiderman [58] who showed that every Gul’ko compact space is heredi-
tarily d-separable.
Theorem 4.33. Any Gul’ko space is hereditarily d-separable.
We have mentioned already that Cp(X) is d-separable whenever X is a Gul’ko space. The logical next step is to
answer the following question.
Problem 30. Given a Gul’ko space X must Cp(X) be hereditarily d-separable?
Arhangel’skii proved in [5] that any product of d-separable spaces has to be d-separable so if Xn is d-separable for
some finite n then Xkn is d-separable for all k ∈ N. Example 4.31 shows that very nontrivial situations could exist for
possible distributions of d-separability in finite powers of a space. Since we know very little about such distributions
at the moment, the problems below show a natural line of research in this direction.
Problem 31. Is there a ZFC example of a non-d-separable space X such that X ×X is d-separable?
Problem 32. Is there an example of a space X such that X2006 is not d-separable while X2007 is d-separable? What
happens if we require additionally that X2008 be non-d-separable?
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A lot of progress has been achieved in studying the Lindelöf property and its analogues in function spaces. However,
it is still and open problem (see [11]) to give a characterization of the Lindelöf property of Cp(X) in terms of the
topology of X.
The following question has already become classical.
Problem 33. (See Arhangel’skii [10].) Suppose that Cp(X) is Lindelöf. Must the space Cp(X) × Cp(X) also be
Lindelöf?
We have already seen that many properties of all finite powers of Cp(X) are determined by existence of the relevant
property in the square of Cp(X). It is not known, however, if this is the case when Cp(X) is Lindelöf.
Problem 34. Suppose that Cp(X)×Cp(X) is Lindelöf. Must the space (Cp(X))n be Lindelöf for all n ∈ N?
It is well known (and easy to prove) that if Cp(X) is paracompact then it is Lindelöf (see [11]). Speaking of
covering properties of Cp(X) it is obligatory to cite the following famous result of Reznichenko (see [73]).
Theorem 5.1. If Cp(X) is normal then it is collectionwise normal.
Any metacompact collectionwise normal space is paracompact so the following corollary is an immediate conse-
quence.
Corollary 5.2. (See [11].) If Cp(X) is normal and metacompact then it is Lindelöf.
However, it is not known whether normality can be omitted in the last result.
Problem 35. Suppose that Cp(X) is metacompact. Must it be Lindelöf?
There exist strong suspicions that there might be examples of spaces X such that Cp(X) is Lindelöf while Cp(X)×
Cp(X) is not. However, it is probable that the Lindelöf property of Cp(X) has some remnants in the square of Cp(X).
Problem 36. Suppose that Cp(X) is Lindelöf. Must the space Cp(X)×Cp(X) be metacompact? How about metalin-
delöf property of Cp(X)×Cp(X)?
The Lindelöf property of Cp(X) was first dealt with in Functional Analysis, basically for compact spaces X.
Answering a question of Corson, Talagrand proved in [80] that Cp(K) is Lindelöf for any Eberlein compact space K .
Alster and Pol [1] established that Cp(K) is Lindelöf for any Corson compact space K . Their results were considerably
strengthened later by Arhangel’skii, Gul’ko and Sokolov.
It is Gul’ko’s result [49] that, for any Corson compact space X, the family R of retractions in X is very rich and,
in some sense, determines the topology of X. Gul’ko proved, using the properties of R that, for any Corson compact
X, the odd iterated function spaces (with the topology of pointwise convergence) are Lindelöf and the even ones are
normal.
This result was generalized by Sokolov [78] who established that all iterated function spaces of a Corson compact
space are Lindelöf. His method of proof also used functions from a space to itself. He did not require them to be
retractions but the family C(X,X) of continuous functions from X to itself must be also rich enough to allow a
general construction for generating dual properties.
Sokolov’s method could be resumed as follows: given a cardinal invariant ϕ and an infinite cardinal κ , let P(ϕ, κ)
be the class of spaces X such that, for any sequence {Fn: n ∈ N}, where every Fn is a closed subset of Xn, there exists
a continuous map f :X → X such that ϕ(f (X)) κ and f n(Fn) ⊂ Fn for any n ∈ N. Sokolov was mainly interested
in the case when ϕ is either hereditary density or hereditary Lindelöf degree of all finite powers. He established, in
particular, that if ϕ is finitely multiplicative and η is a dual for ϕ (i.e., ϕ(X) = η(Cp(X)) for any Tychonoff space X)
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supremum of hereditary densities of finite powers and X ∈P(ϕ,ω) then Cp(X) is Lindelöf.
Definition 5.3. Say that X is a Sokolov space (or has the Sokolov property) if X belongs to P(nw,ω). In other words,
for any sequence {Fn: n ∈ N}, where every Fn is a closed subset of Xn, there exists a continuous map f :X → X
such that nw(f (X)) ω and f n(Fn)⊂ Fn for any n ∈ N.
The importance of this property becomes evident after we observe that every Corson compact space is Sokolov so,
studying Sokolov compact spaces we actually obtain new information about Corson compacta. The following theorem
sums up the results which were either proved in [78] and/or [79] or can be easily deduced from them.
Theorem 5.4.
(a) Every closed subset of a Sokolov space is a Sokolov space and the countable power of a Sokolov space is a
Sokolov space;
(b) If X is a Sokolov space and f :X → Y is an R-quotient map then Y is a Sokolov space;
(c) Any closed subspace of a Σ -product of second countable spaces (and hence any Corson compact space) is
Sokolov;
(d) A space X is Sokolov if and only if Cp(X) is Sokolov. Thus, if X is Sokolov then Cp,n(X) is also Sokolov for any
n ∈ N;
(e) If a space X is Sokolov and t∗(X) ω then Cp,2n+1(X) is Lindelöf for any n ∈ N;
(f) If a space X is Sokolov and l∗(X) ω then Cp,2n(X) is Lindelöf for any n ∈ N;
(g) If a space X is Sokolov and l∗(X) · t∗(X) ω then Cp,n(X) is Lindelöf for any n ∈ N;
(h) A space X is Sokolov if and only if, for any family {Fmn: m,n ∈ N} such that Fmn is a closed subset of Xn for any
n,m ∈ N, there is a continuous map f :X → X for which nw(f (X)) ω and f n(Fmn) ⊂ Fmn for any m,n ∈ N;
(i) A space with a unique nonisolated point is Sokolov iff it is Lindelöf ;
(j) There is a scattered Sokolov compact space which is not Corson compact.
Tkachuk presented in [96] a systematic study of Sokolov spaces. It turns out that they inherit quite a few properties
of closed subspaces of Σ -products of real lines.
Proposition 5.5. Every Sokolov space is collectionwise normal, ω-stable, ω-monolithic and has countable extent. As
a consequence, for any Sokolov space X the space Cp,n(X) is normal and has countable extent for any n ∈ N.
Corollary 5.6.
(a) A metrizable space is Sokolov if and only if it is separable.
(b) Any Sokolov pseudocompact space is countably compact.
(c) Any Sokolov metacompact space is Lindelöf.
We know that Sokolov spaces are ω-monolithic; if we try to find more analogy with Σ -products of real lines,
monolithity is a good candidate. Recall that a space is called monolithic if it is κ-monolithic for any infinite cardinal κ .
Problem 37. Is every Sokolov space monolithic (this is the same as asking whether every Sokolov space is stable)?
Following E. Michael, we will say that a space is cosmic if it has a countable network.
Theorem 5.7. If X is a Sokolov space with a Gδ-diagonal then nw(X) ω.
Corollary 5.8. If X is a Sokolov space and s(X ×X) ω then X is cosmic.
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is a Lindelöf space which implies that the diagonal Δ is a Gδ-subset of X ×X. Now, apply Theorem 5.7 to complete
the proof. 
Corollary 5.9. If X is a Sokolov space and s(Cp(X)) ω then X is cosmic.
Corollary 5.10. If X ×X is a hereditarily Sokolov space then X is cosmic.
It is known that if a space is hereditarily Lindelöf Σ then it is cosmic [51]. The last corollary gives a hope that the
same conclusion might be true for hereditarily Sokolov spaces.
Problem 38. Is every hereditarily Sokolov space cosmic?
Problem 39. Suppose that (X × X)\Δ is a Sokolov space. Must X be cosmic? Here Δ = {(x, x): x ∈ X} is the
diagonal of the space X.
Although there exist Sokolov compact spaces which are not Corson compact, it is very difficult to distinguish these
two classes by their topological properties as can be seen from the following result.
Theorem 5.11. If X is a Sokolov Lindelöf Σ -space then t∗(X) = ω and hence Cp,n(X) is Lindelöf for any n ∈ N. In
particular, if X is a Sokolov compact space then X is Fréchet–Urysohn, ω-monolithic and Cp,n(X) is Lindelöf for
any n ∈ N.
It is still an open problem whether a Lindelöf Σ -space with a small diagonal is cosmic. Recall that a space X has
a small diagonal if, for any D ⊂ (X ×X)\Δ such that |D| >ω there is an uncountable E ⊂ D such that E ∩Δ = ∅.
Gruenhage proved in [45] that, under CH, every Lindelöf Σ -space with a small diagonal is cosmic.
Theorem 5.12. Assume that X is a Sokolov space with l∗(X) · t∗(X) ω. Then
(a) if X has a small diagonal then X is cosmic;
(b) if ω1 is a caliber of X then X is cosmic.
Corollary 5.13. Suppose that X is a Sokolov Lindelöf Σ -space. If either X has a small diagonal or ω1 is a caliber of
X then X is cosmic.
It is natural to ask whether Lindelöf Σ -property can be omitted in the statement of Corollary 5.13.
Problem 40. Suppose that X is a Sokolov space and ω1 is a caliber of X. Must X be cosmic?
Problem 41. Suppose that X is a Sokolov space with a small diagonal. Must X be cosmic?
The following examples are useful for seeing what we cannot expect of Sokolov spaces.
Example 5.14. (a) The space ω1 is Sokolov while ω1 + 1 is not in spite of being a continuous image of ω1. Thus
Sokolov property is not preserved by continuous images.
(b) There are Sokolov spaces X and Y such that neither X × Y nor X ⊕ Y is Sokolov.
(c) There exists a space X which is not Sokolov while Cp(X) is Lindelöf Σ .
Thus, not every Gul’ko space is a Sokolov space; however, if X is compact and Cp(X) is Lindelöf Σ then X is
Sokolov being a Corson compact by a Gul’ko’s theorem [48]. To find out which Gul’ko spaces are Sokolov we must
first look at σ -compact spaces.
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happens if X is a Lindelöf Σ -space?
Gul’ko proved in [49] that if X is a Corson compact space then Cp(X) linearly condenses into a Σ -product of real
lines. Since not every Sokolov compact space is Corson compact, a positive answer to the following question would
strengthen the mentioned result of Gul’ko.
Problem 43. Suppose that X is a Sokolov compact space. Is it true that there exists an injective continuous map of
Cp(X) into a Σ -product of real lines?
It is a theorem of Okunev (see [67]) that if Cp(X) is a Lindelöf Σ -space then the Hewitt realcompactification υX
of the space X is also Lindelöf Σ . In particular, if a Gul’ko space is realcompact then it is Lindelöf Σ . It is possible
that realcompactness could behave analogously if combined with the Sokolov property.
Problem 44. Must every Sokolov realcompact space be Lindelöf?
If the answer is positive then, for any realcompact Sokolov space X, the space Xω is also realcompact and hence
Lindelöf. In particular, the Lindelöf property of X would imply the Lindelöf property of Xω so the following problem
is a weaker version of the above question.
Problem 45. Suppose that X is a Sokolov Lindelöf space. Is it true that Xn is Lindelöf for each n ∈ N?
Theorem 5.11 shows that Lindelöf Σ -property of a Sokolov space X implies that t∗(X) = ω. The Σ -property
cannot be omitted here because Cp(ω1) is a Lindelöf Sokolov space of uncountable tightness. Asanov proved in [20]
that if Cp(X) is Lindelöf then t∗(X) = ω; combining this result with Theorem 5.4 we can see that, for a Sokolov
space X, the space Cp(X) is Lindelöf if and only if t∗(X)= ω. Therefore countable tightness of all finite powers of a
Sokolov space X brings a crucial information about X. This makes it natural to ask whether countable tightness of X
gives the same.
Problem 46. Suppose that X is a Sokolov space with t (X) = ω. Is it true that t (Xn) = ω for every n ∈ N?
Kalamidas and Spiliopoulos proved in [57] that, for any Corson compact space X we have p(Cp(X)) = w(X); in
particular, if X is Corson compact and p(Cp(X)) = ω then X is metrizable. Proving the same for Sokolov compact
spaces would strengthen their result.
Problem 47. Suppose that X is a Sokolov compact space and p(Cp(X)) = ω (this means that every point-finite family
of nonempty open subsets of Cp(X) is countable). Must X be metrizable?
A Σ -product of real lines can contain discrete (and hence metrizable) subspaces of arbitrary cardinality. However,
it was proved in [96] that there are some strong restrictions on pseudocharacter and cardinality of closed subspaces of
Σ -products of real lines.
Theorem 5.15. If X is homeomorphic to a closed subspace of a Σ -product of real lines and pseudocharacter of X is
countable then |X| c.
There is still hope to extend this result to Sokolov spaces.
Problem 48. Let X be a Sokolov space with ψ(X)= ω (or even χ(X) = ω). Is it true that |X| c?
Any subspace of a Σ -product of real lines has a point-countable π -base (see, e.g., [55, 3.24]). Therefore we might
have this property in Sokolov spaces as well.
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Recall that a space is called a GO space or a generalized ordered space if it is homeomorphic to a subspace of a
linearly ordered topological space. Since there are many nontrivial situations in function spaces on linearly ordered
spaces, this area attracted a great deal of attention of Cp-theorists in the last decades.
For example, it is not trivial at all to prove that Cp(ω1) is Lindelöf. For this, one must observe that ω1 embeds in
Σ(ω1) as a closed subspace and apply Gul’ko’s theorem [47] which says that any closed subspace of a Σ -product
of real lines has a Lindelöf Cp . On the other hand, it follows from Asanov’s theorem [20] that Cp(ω1 + 1) is not
Lindelöf. Actually, the fact that, for a compact space X, the Lindelöf property of Cp(X) implies t (X) ω was proved
by Corson [34]. Recall that a Souslin Continuum is a hereditarily Lindelöf connected nonseparable compact ordered
space; its existence is consistent with ZFC. Gul’ko proved in [49] that if L is a Souslin continuum then Cp(L) is
not Lindelöf. Nakhmanson ([65], see the proof in [11]) gave a complete description of the situation when Cp(K) is
Lindelöf for a linearly ordered compact space K .
Theorem 5.16. For any linearly ordered compact space K , we have the equality l(Cp(K)) = w(K). In particular,
Cp(K) is Lindelöf if and only if K is metrizable.
The following theorem of Buzyakova [27] gives a characterization in terms of the topology of X of the Lindelöf
property of Cp(X) whenever X is a countably compact GO space.
Theorem 5.17. If X is a countably compact GO space then Cp(X) is Lindelöf if and only if every compact subspace
of X is a metrizable Gδ-subspace of X.
It would be interesting to find some general classes of X such Cp(X) Lindelöf and the Lindelöf property in function
spaces is preserved by finite products. To model the situation we have in subspaces of ω1, we can try the spaces which
are locally compact-metrizable.
Problem 50. (See [27].) Suppose that X is locally compact-metrizable (i.e., for every x ∈ X there exists a set U ∈
τ(x,X) such that U is compact and metrizable) and Cp(X) is Lindelöf. Is it true that (Cp(X))n is Lindelöf for all
n ∈ N? How about (Cp(X))ω? Do we obtain a positive answer if we assume additionally that X is countably compact?
Problem 51. (See [27].) Suppose that X and Y are locally compact-metrizable and both spaces Cp(X) and Cp(Y ) are
Lindelöf. Must the space Cp(X)×Cp(Y ) be Lindelöf?
Given a space X, a family {Ox : x ∈ X} is a neighborhood assignment in X if Ox is an open neighborhood of x for
each x ∈ X. Say that X is a D-space if, for any neighborhood assignment {Ox : x ∈ X} in the space X there exists a
closed discrete subspace D ⊂ X such that⋃{Ox : x ∈D} = X.
The concept of a D-space was introduced by van Douwen [35]; in [37] van Douwen and Pfeffer proved that the
Sorgenfrey line is a D-space and formulated a question which is still open.
Problem 52. (See [37].) Must every Lindelöf space X be a D-space?
The concept of a D-space was studied a great deal ever since in almost every context and Cp-theory was not an
exception. The following question of Arhangel’skii (published in [38]) shows that the Cp-version of the question of
van Douwen and Pfeffer is also open.
Problem 53 (Arhangel’skii). Given a space X suppose that Cp(X) is Lindelöf. Must Cp(X) be a D-space?
However, we can assume much more about a Lindelöf space X to still obtain an open question about whether or
not X has D-property.
Problem 54 (van Douwen). Suppose that X is hereditarily Lindelöf or is a subspace of a perfectly normal compact
space. Must X be a D-space?
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space X. For example, a countably compact noncompact space is never a D-space. However, the following question
is also open (see [38]).
Problem 55. Is every paracompact space a D-space? Is there an example of a metacompact space which is not a
D-space?
As a consequence, there has been a lot of effort to prove that some classes of paracompact spaces have D-property.
It is a result of van Douwen and Lutzer [36] that a GO space is paracompact if and only if it is a D-space. All
metrizable spaces and, more generally, all Moore spaces as well as semistratifiable spaces are D-spaces [22]. It was
also proved in [22] that paracompact p-spaces must have D-property. The strongest result here belongs to Buzyakova
[23] who established the following fact.
Theorem 5.18. Any strong Σ -space and, in particular, any paracompact Σ -space is a D-space.
The D-property proved to be useful in Cp-theory after Buzyakova established in [26] that, for any compact space
K , any subspace of Cp(K) is a D-space. This generalized the Baturov theorem (see Theorem 3.3) and Grothendieck’s
theorem for compact spaces at the same time. Gruenhage [46] strengthened this result giving it the following final
form.
Theorem 5.19. If X is a Lindelöf Σ -space then Cp(X) is a hereditarily D-space.
An immediate consequence is that any Gul’ko space is a hereditarily D-space. In particular, every Eberlein compact
space is a hereditarily D-space. Gruenhage also established the same fact for Corson compact spaces.
Theorem 5.20. (See [46].) Any Corson compact space is a hereditarily D-space.
Buzyakova studied whether Cp(X) is a D-space for every countably compact space X. She proved [26] that if X
is countably compact and w(X) ω1 then Cp(X) is a hereditarily D-space. Later, she gave an example (see [24]) of
a countably compact space X with l(Cp(X)) = ext(Cp(X)); it is evident that Cp(X) is not a D-space.
It is worth mentioning that any space with a point-countable base is a D-space: this was proved by Arhangel’skii
and Buzyakova [16]. In the same paper they verified that any finite union of metrizable spaces is a D-space and
constructed an example showing that it is not so for countable unions of metrizable spaces.
Remark 5.21. Assume that X and Cp(X) are Lindelöf Σ -spaces. Then Cp,n(X) is Lindelöf Σ for all n ∈ N (see
Theorem 3.4) so we can apply Theorem 5.19 to see that Cp,n(X) is a hereditarily D-space for all n ∈ N. In particular,
every Cp,n(K) is a hereditarily D-space for any Gul’ko compact space K .
Problem 56. Is it true that Cp(Cp(K)) is a D-space for any compact space K?
Problem 57. Suppose that K is a Corson compact space. Then the space Cp,n(K) is Lindelöf; must it be a D-space
for any n ∈ N? What happens if we only assume that K is a Sokolov compact space?
Problem 58. Suppose that Cp(X) is a Lindelöf Σ -space. Then Cp,2n+1(X) is a Lindelöf Σ -space so Cp,2n(X) is a
hereditarily D-space for all n ∈ ω. But must Cp(X) itself be a hereditarily D-space?
Problem 59. Is Rω1 a D-space?
6. Miscellaneous results and problems
It is trivial that Cp(X) is not compact if X = ∅. It is not so trivial to see that if Cp(X) is σ -compact then X is finite;
this was proved by Velichko in his doctoral thesis. Shakhmatov and Tkachuk strengthened this result of Velichko
proving in [74] that if Cp(X) is the countable union of countably compact subspaces then X is still finite.
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infinite. Such spaces exist in ZFC and their properties are described by the following theorem [88].
Theorem 6.1. The following conditions are equivalent for any space X:
(1) Cp(X) is σ -pseudocompact;
(2) Cp(X) is a countable union of its bounded subspaces;
(3) the space X is pseudocompact and every countable subset A⊂ X is closed and C∗-embedded in X.
Recall that spaces X and Y are called t-equivalent (l-equivalent) if Cp(X) is (linearly) homeomorphic to Cp(Y );
in this case we write X t∼Y or X l∼Y , respectively. If a space X satisfies the condition (3) of Theorem 6.1 then every
space Y which is t-equivalent to X has to be pseudocompact. However, the following question of Arhangel’skii is
open (see [13]).
Problem 60. Does there exist an infinite compact space X such that every space t-equivalent to X is compact?
If there is a counterexample to the above question then it cannot have nontrivial convergent sequences because it is
a result of Gul’ko and Khmyleva [50] that if a compact space K contains a nontrivial convergent sequence then K is
t-equivalent to K ⊕ω.
It is a result of Arhangel’skii [6] that pseudocompactness is preserved by l-equivalence; in the same paper
Arhangel’skii asked what happens with countable compactness.
Problem 61. (See [6].) Suppose that X is l-equivalent to Y and X is countably compact. Must Y be countably
compact?
Thus it makes sense to ask about existence of a space whose countable compactness is preserved by t-equivalence
or even l-equivalence.
Problem 62. Does there exist an infinite space X such that every space l-equivalent to X is countably compact? What
about an infinite space X such that every space t-equivalent to X is countably compact?
The space V (ω) obtained from (ω + 1) × ω by contracting all nonisolated points of (ω + 1) × ω to a point, is
called the Fréchet–Urysohn ω-fan. It is an easy consequence of the results of Gul’ko and Khmyleva [50] that the
space ω + 1 is t-equivalent to V (ω). Since every metrizable compact space K has a continuous extender of functions
for any embedding of K , it takes a standard proof to establish the following fact.
Theorem 6.2. If a space X contains a nontrivial convergent sequence then X is t-equivalent to X ⊕ V (ω). In partic-
ular, there exist non ˇCech-complete spaces t-equivalent to X.
Tkachuk proved in [86] that every space t-equivalent to a discrete space, is discrete. Therefore there exist infinite
spaces X such that every Y t∼X is ˇCech-complete. However, it is more interesting to find out whether such a space
can be compact. By Theorem 6.2 it cannot have convergent sequences.
Problem 63. Does there exist an infinite compact space X such that every Y t∼X is ˇCech-complete? How about a
compact space X such that every Y t∼X is locally compact? For example, is it true that every space t-equivalent to
βω is ˇCech-complete?
The study of topological properties which are preserved by l-equivalence or t-equivalence is a large area of Cp-
theory. A lot of results here involve topological groups because it is often possible to prove that some properties are
preserved by M-equivalence, i.e., by topological isomorphisms of Markoff free groups.
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l-equivalent spaces then t (K) = t (L). Okunev gave an example of l-equivalent spaces X and Y with t (X) = t (Y )
(see [66]) and strengthened Tkachuk’s result in [68] proving the following fact.
Theorem 6.3. If K and L are t-equivalent compact spaces then t (K) = t (L).
The limits of these results on tightness are not quite clear; therefore we have a list of interesting open problems.
Problem 64. (See Okunev [68].) Suppose that X and Y are t-equivalent normal spaces. Is it true that t (X) = t (Y )?
Does this equality hold if X l∼Y ?
If there is a counterexample in the class of normal spaces then there is still hope to obtain a positive result for
σ -compact spaces.
Problem 65. (See Okunev [68].) Is it true that for any t-equivalent σ -compact spaces X and Y we have t (X) = t (Y )?
Does this equality hold if X l∼Y ?
If X and Y are t-equivalent then Y embeds in CpCp(X) so a radical way to improve Theorem 6.3 is to give a
positive answer to the following question.
Problem 66. (See [68], attributed to Reznichenko.) Let K be a compact space. Is it true that t (L)  t (K) for any
compact subspace L of the space CpCp(K)?
Okunev established in [68] a very general fact which implies the following statement.
Theorem 6.4. Under the Continuum Hypothesis, if X and Y are t-equivalent compact spaces and X is sequential
then Y is also sequential.
Thus, an obligatory question is whether Theorem 6.4 holds in ZFC. Actually, it is not known even for l-equivalence.
Problem 67. (See Okunev [68].) Is it true in ZFC that for any t-equivalent compact spaces X and Y , if X is sequential
then so is Y ? Is it true if X l∼Y ?
It was a result of Tkachuk [85] that first countability is not preserved by M-equivalence (and hence by l-equiv-
alence) in the class of compact spaces. Okunev constructed in [66] an example of nonpreservation of the Fréchet–
Urysohn property by M-equivalency; however the spaces in his example were not compact. The difficulty here consists
in the fact that if X and Y are compact l-equivalent spaces with X Fréchet–Urysohn then it is consistent with ZFC that
Y is sequential. The question of Arhangel’skii on whether the Fréchet–Urysohn property is preserved by l-equivalence
in the class of compact spaces stayed unsolved for a couple of decades and was even formulated in Open Problems in
Topology (see [10]). The following recent result of Okunev gives a complete answer to this question.
Example 6.5. (See Okunev [69].) There exist compact M-equivalent (and hence l-equivalent) spaces X and Y such
that X is Fréchet–Urysohn and Y is not.
This example, together with the result of Tkachuk on non-l-invariance of character in compact spaces shows that
it is time to check how distant from first countability of a compact space X can be the properties of a space Y l∼X.
Problem 68. Suppose that X is a first countable compact space and Y l∼X. Must Y be a Fréchet–Urysohn space?
Must Y be sequential in ZFC?
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function spaces Cp(X) which have very rich algebraic and topological structure; as a result, quite a few properties
hold in Cp(X) if discovered in a dense subspace of Cp(X). For example, if Cp(X) has a dense metrizable subspace
then it is metrizable; if X is compact and Cp(X) has a dense Lindelöf Σ -subspace then Cp(X) is Lindelöf Σ .
However, there are still many properties P which are not necessarily present in Cp(X) if some dense D ⊂ Cp(X) has
P . A good example is a discrete space X for which Cp(X) = RX has a dense σ -compact Fréchet–Urysohn subspace
while tightness of Cp(X) can be arbitrarily big. The same example shows that no compactness properties of X are
implied by existence of a σ -compact (or even countable) dense subspace of Cp(X).
A set A ⊂ Cp(X) is uniformly dense in Cp(X) if it is dense in the uniform topology on C(X), i.e., for any
f ∈ Cp(X) and any ε > 0 there is g ∈ A such that |g(x) − f (x)| < ε for all x ∈ X. This concept arises naturally if
uniform and/or compact-open topologies are considered on function spaces; another important context is the area of
applications of Stone–Weierstrass theorem. If we consider a uniformly dense subspace of Cp(X) then we have a much
better approximation of Cp(X) than by a dense subspace. This gives hope that many properties of uniformly dense
subspaces of Cp(X) imply themselves in Cp(X). Another motivation for considering uniformly dense subspaces
of Cp(X) is that they are quite helpful when countable decompositions of spaces Cp(X) are studied; one of the
applications is the proof that every σ -metrizable Cp(X) is metrizable [90].
In fact, there are quite a few scattered results which involve uniformly dense subspaces of Cp(X); one of the first
ones is a Corson’s theorem [34] which states that if a compact space X has uncountable tightness then any uniformly
dense subspace of Cp(X) has an uncountable closed discrete subspace.
A systematic study of the relationship between Cp(X) and its uniformly dense subspaces was undertaken in [93].
Let us formulate the first evidence showing that uniformly dense subspaces of Cp(X) constitute a fairly good approx-
imation of the whole Cp(X).
Proposition 6.6. If X is an arbitrary space and A is uniformly dense in Cp(X) then X embeds in Cp(A) as a closed
subspace.
An immediate consequence is that many topological properties hold in Cp(X) if and only if they holds in some
uniformly dense subspace of Cp(X).
Corollary 6.7. Let X be a space; suppose that A is a uniformly dense subspace of Cp(X). Then
(1) nw(A)= nw(Cp(X));
(2) d(A)= d(Cp(X));
(3) tm(Cp(X)) tm(A);
(4) if A is κ-stable for some cardinal κ then Cp(X) is also κ-stable.
Call a topological propertyP complete if it is invariant under continuous images, countable products, multiplication
by compact spaces and closed subspaces.
Theorem 6.8. Let P be a complete property. If A is uniformly dense in Cp(X) and A has P then Cp(X) also has P .
Corollary 6.9. If A is uniformly dense in Cp(X) then
(1) l((Cp(X))ω) l(Aω). In particular, if Aω is Lindelöf then (Cp(X))ω is also Lindelöf.
(2) Nag(Cp(X))Nag(A); in particular, if A is Lindelöf Σ -space then Cp(X) is a Lindelöf Σ -space.
(3) If A is K-analytic then Cp(X) is also K-analytic.
(4) If A is analytic then Cp(X) is also analytic.
If a property is not complete then it is not always clear whether we have it in Cp(X) in case it is present in a
uniformly dense subspace of Cp(X).
Problem 69. Suppose that Cp(X) has a uniformly dense realcompact subspace. Must Cp(X) be realcompact?
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Problem 71. Suppose that Cp(X) has a uniformly dense perfectly normal (or hereditarily normal) subspace. Must
Cp(X) be perfectly normal (or hereditarily normal, respectively)?
It was independently proved by Gerlits, Nagy [41] and Pytkeev [71] that Cp(X) is a k-space if and only if it is
Fréchet–Urysohn. The following theorem generalizes this fact.
Theorem 6.10. For an arbitrary space X, if A is a k-space that is uniformly dense in Cp(X) then Cp(X) is a Fréchet–
Urysohn space. In particular, if Cp(X) contains a uniformly dense sequential space then Cp(X) is Fréchet–Urysohn.
It is a result of Gerlits, Nagy and Szentmiklóssy [42] that radiality of Cp(X) implies the Fréchet–Urysohn property
of Cp(X) (and vice versa, of course). At the moment it is not clear whether their theorem can be generalized to
uniformly dense subspaces.
Problem 72. Suppose that Cp(X) has a uniformly dense radial space. Must Cp(X) be Fréchet–Urysohn? What hap-
pens if Cp(X) has a uniformly dense linearly ordered subspace?
However, pseudoradiality of Cp(X) does not imply its radiality: this was also proved in [42].
Problem 73. Suppose that Cp(X) has a uniformly dense pseudoradial space. Must Cp(X) be pseudoradial?
Arhangel’skii [3] and Pytkeev [72] completely characterized given tightness in spaces Cp(X); using their methods
it is possible to show that tightness behaves properly with respect to uniformly dense subspaces of Cp(X).
Theorem 6.11. For any uniformly dense subspace A of the space Cp(X) we have the equality t (A) = t (Cp(X)). In
particular, if Cp(X) has a uniformly dense subspace of countable tightness then Cp(X) also has countable tightness.
It turns out that hereditary density, hereditary Lindelöf number and spread are also reflected in Cp(X) by uniformly
dense subspaces.
Theorem 6.12. Assume that A is a uniformly dense subspace of Cp(X). Then
(1) hd(Cp(X)) = hd(A); in particular, if Cp(X) has a uniformly dense hereditarily separable subspace then Cp(X)
is hereditarily separable;
(2) hl(Cp(X)) = hl(A); in particular, if Cp(X) has a uniformly dense hereditarily Lindelöf subspace then Cp(X) is
hereditarily Lindelöf.
(3) s(Cp(X)) = s(A); in particular, if Cp(X) has a uniformly dense subspace of countable spread then
s(Cp(X)) = ω.
The statements we have proved for uniformly dense subspace A⊂ Cp(X) become false if we only assume density
of A in Cp(X). The discrete space X of cardinality ω1 is the example that witnesses this. Indeed, Cp(X) is homeo-
morphic to Rω1 which is separable and hence has a dense hereditarily Lindelöf and hereditarily separable subspace.
Of course, Rω1 is neither Lindelöf nor has countable spread. It also has a dense σ -compact Fréchet–Urysohn subspace
while Cp(X) does not have countable tightness. Now, if X is the ordinal ω1 with its interval topology then X condenses
onto a scattered compact space and hence Cp(X) has a dense Fréchet–Urysohn subspace while tm(Cp(X)) = ω1.
However, if we have a compact space X and a set A ⊂ Cp(X) separates the points of X then the algebra P(A)
generated by A is uniformly dense in Cp(X). Since P(A) inherits many properties from A, we have the following
easy fact.
Proposition 6.13. If X is a compact space then the following conditions are equivalent:
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(2) Cp(X) has a dense σ -countably compact subspace;
(3) Cp(X) has a dense σ -pseudocompact subspace;
(4) Cp(X) has a uniformly dense σ -compact subspace.
An analogous statement can be formulated for every complete property. But the interesting thing about Proposi-
tion 6.13 is that having a uniformly dense σ -(pseudo)compact or σ -countably compact A ⊂ Cp(X) actually implies
some compactness properties in X.
Theorem 6.14. Given a space X, assume that A is uniformly dense in Cp(X).
(1) If A is σ -pseudocompact then X is pseudocompact.
(2) If A is σ -countably compact then X is compact.
(3) If A is countable then X is compact and metrizable.
Example 6.15. If X = A(c) is the one-point compactification of the discrete space of cardinality c then Cp(X) has a
uniformly dense subspace of countable pseudocharacter. Thus, existence in Cp(X) of a uniformly dense subspace of
countable pseudocharacter does not imply countable pseudocharacter in Cp(X).
Problem 74. Suppose that Cp(X) has a uniformly dense subspace which condenses onto a second countable space.
Must Cp(X) condense onto a second countable space?
A standard method of studying spaces Cp(X) is splitting them into countable unions of nice subspaces. In the paper
[90] it is shown that it often implies strong restrictions on Cp(X); in particular, the properties which are normally not
countably additive could have countable additivity in spaces Cp(X).
A fundamental idea is that the spaces Cp(X) have some sort of a Baire property. Formally, Cp(X) is not a Baire
space whenever X contains an infinite bounded subset (see [11]). However, the following fact is true.
Lemma 6.16. (See [90].) If X is any space and Cp(X) =⋃n∈ω Cn then there exists a function f ∈ Cp(X) and ε > 0
such that Cn + f is uniformly dense in C(X, (−ε, ε)).
Therefore, if Cp(X) is represented as the union of a countable family of closed subsets of Cp(X) then one of them
is large in the following sense.
Corollary 6.17. If Cp(X) =⋃n∈ω Cn and every Cn is closed in Cp(X) then there is n ∈ ω such that Cp(X) embeds
in Cn and Cp(X, I) embeds in Cn as a closed subspace.
Corollary 6.18. If P is a hereditary property and Cp(X) is the countable union of its closed subspaces with the
property P then Cp(X) has P . In particular, this is true for any the following properties: perfect normality, hereditary
normality, hereditary paracompactness, radiality.
Some properties P can be found in Cp(X) if some dense A ⊂ Cp(X) has P . This is the case of metrizability, first
countability and second countability. As an easy consequence, we obtain the following fact.
Theorem 6.19. Given an infinite cardinal κ the following properties are equivalent for any space X:
(1) Cp(X)=⋃n∈ω Cn and χ(Cn) κ for each n ∈ ω;
(2) Cp(X)=⋃n∈ω Cn and w(Cn) κ for every n ∈ ω;
(3) |X| κ and hence w(Cp(X)) κ .
Corollary 6.20. If Cp(X) is representable as the countable union of its metrizable subspaces then X is countable and
hence Cp(X) is second countable.
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Theorem 6.21. Given an infinite cardinal κ if Cp(X)=⋃n∈ω Cn and ψ(Cn) κ for every n ∈ ω then ψ(Cp(X)) κ
and hence d(X) κ .
Corollary 6.22. Given an infinite cardinal κ if Cp(X) =⋃n∈ω Cn and either iw(Cn)  κ of Δ(Cn)  κ for every
n ∈ ω then d(X) κ .
The easiest way to see that not all properties are countably additive in Cp(X) is to consider the Shakhmatov’s ex-
ample of a pseudocompact space X such that Cp(X) is σ -pseudocompact. Since Cp(X) is not even a Baire space, the
Baire property is not countably additive in Cp(X). However, we have countable additivity for the ˇCech-completeness.
Theorem 6.23. If Cp(X) is the countable union of its ˇCech-complete subspaces then it is ˇCech-complete, i.e., X is
countable and discrete.
The following theorem shows that countable π -weight is not a countably additive property in Cp(X).
Theorem 6.24. If K is a compact metrizable space then Cp(X) can be represented as the countable union of
its subspaces of countable π -weight. Thus it follows from πw(Cp(I)) = w(Cp(I)) > ω that neither π -weight nor
π -character are countably additive in Cp(X) even for compact metrizable X.
The major convergence properties are also countably additive in Cp(X).
Theorem 6.25. Given an infinite cardinal κ if Cp(X) =⋃n∈ω Cn and t (Cn) κ for every n ∈ ω then t (Cp(X)) κ .
Theorem 6.26. If Cp(X) =⋃n∈ω Cn and every Cn is a Fréchet–Urysohn space then Cp(X) has the Fréchet–Urysohn
property.
Theorem 6.27. There exist models of ZFC in which sequentiality is countably additive in spaces Cp(X), i.e., if
Cp(X) =⋃n∈ω Cn and every Cn is a sequential space then Cp(X) is sequential and hence has the Fréchet–Urysohn
property.
Casarrubias-Segura also studied in [28] finite additivity of topological properties in Cp(X).
Theorem 6.28. (See [28].) If Cp(X) is the finite union of its paracompact subspaces then Cp(X) is Lindelöf and
hence paracompact.
Thus we can hope that paracompactness is countably additive in Cp(X).
Problem 75. (See [28].) Suppose that Cp(X) =⋃n∈ω Cn and every Cn is paracompact. Must Cp(X) be Lindelöf?
Recall that, for any space X, the Hewitt–Nachbin number q(X) of the space X is the minimal cardinal κ  ω such
that, for any x ∈ βX\X there is a Gκ -set G in the space βX such that x ∈ G ⊂ βX\X. It is well known (see [39])
that q(X) ω if and only if X is realcompact. Casarrubias-Segura proved in [28] that the Hewitt–Nachbin number is
finitely additive in Cp(X), i.e., we have the following fact:
Theorem 6.29. If Cp(X) = C0 ∪ · · · ∪Cn and q(Ci) κ for every i  n then q(Cp(X)) κ . In particular, if Cp(X)
is the finite union of its realcompact subspaces then it is realcompact.
The countable case of the above theorem can be formulated in a stronger form.
Corollary 6.30. (See [28].) If Cp(X) = C0 ∪ · · · ∪ Cn and Ci is Dieudonné complete for every i  n then Cp(X) is
realcompact and hence Dieudonné complete. Therefore Dieudonné completeness is finitely additive in spaces Cp(X).
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Problem 76. (See [28].) Suppose that Cp(X)=⋃n∈ω Cn and every Cn is realcompact. Must Cp(X) be realcompact?
Recall that a space X is metacompact if any open cover of X has a point-finite refinement. Unfortunately, very
little is known about metacompactness in spaces Cp(X); it is not even known whether it is equivalent to the Lindelöf
property. The additivity in spaces Cp(X) is not an exception.
Problem 77. (See [28].) Suppose that Cp(X) is the countable (or finite) union of its metacompact subspaces. Must it
be metacompact?
Easy examples show that the union of two ω-monolithic spaces need not be ω-monolithic. Casarrubias-Segura
proved in [28] that this property is also finitely additive in Cp(X). It is worth pointing out that nothing is known about
finite additivity of normality in Cp(X).
Problem 78. (See [28].) Suppose that Cp(X) is the countable (or finite) union of its normal subspaces. Must it be
normal?
The most striking problems about Cp(X) are those that could not yet be solved for arbitrary spaces. One of
them dates back into late seventies when Arhangel’skii asked in [4] whether every Tychonoff space has a dense
zero-dimensional subspace. There were a lot of positive results before Malykhin came up in [61] with a consistent
counterexample of a σ -compact space produced by forcing. Ciesielski constructed under CH (see [32]) an example
of an L-space without a dense zero-dimensional subspace. Later he proved in [33] that it is consistent with ZFC that
some power of the real line contains a dense linear subspace which has no dense totally disconnected subspaces.
Therefore we have the following unexpected question (Arhangel’skii, cited in [33]).
Problem 79. Does there exist a space X such that Cp(X) has no dense zero-dimensional subspace?
Tkachuk proved in [86] that if Cp(X) is homeomorphic to Rκ for some κ then X is discrete. A positive answer to
the following question would give a generalization of this result.
Problem 80. Suppose that Cp(X) is an open continuous image of Rκ for some cardinal κ . Must X be discrete?
It follows from the results of Lutzer and McCoy [59] that the answer to the above question is positive when κ  ω.
Another easy consequence of the results of [59] is that if Cp(X) contains a dense ˇCech-complete subspace then X is
countable and discrete.
Problem 81. Suppose that Cp(X) contains a dense subspace homeomorphic to Rκ for some cardinal κ . Must X be
discrete?
A possible way to solve the above question would be to prove that no space can contain two dense disjoint copies
of Rκ . It was proved in [60] that, under MA+¬CH no space can contain two dense disjoint subspaces homeomorphic
to Rω1 . The general situation remains unclear.
Problem 82. Given a cardinal κ does there exist a space X such that two disjoint dense subspaces of X are homeo-
morphic to Rκ?
It is an old question of Christensen [31] whether every cosmic space embeds in an analytic space. Arhangel’skii
and Calbrix formulated in [17] the following Cp-version of this question.
Problem 83. Is the space Cp(ωω) embeddable in an analytic space?
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question of Arhangel’skii [15] whether every discretely Lindelöf space is Lindelöf. The Cp-version of this question
might be easier to solve.
Problem 84. Suppose that Cp(X) is discretely Lindelöf. Must it be Lindelöf?
Yaschenko proved in [100] that if Cp(X) is monotonically normal then X is countable. In particular, any stratifiable
space Cp(X) is second countable. However, the following question is unsolved.
Problem 85 (Yaschenko). Suppose that Cp(X) has a σ -discrete network. Must it have a countable network?
Christensen proved in [31] that X has to be σ -compact whenever Cp(X) is analytic. In particular, ωω cannot be
mapped continuously onto Cp(ωω). By cardinality reasons no discrete space D can be mapped onto Cp(D) = RD .
Problem 86 (Folklore). Does there exist a space X which can be continuously mapped onto Cp(X)? How about a
space X which is homeomorphic to Cp(X)?
Arhangel’skii established (see [11]) that PFA implies that no compact space of uncountable tightness can be em-
bedded in Cp(L) for some Lindelöf space L. In particular, no Lindelöf subspace of Cp(βω) can separate the points
of βω. However, nothing is proved in ZFC even for hereditarily Lindelöf subspaces of Cp(K) for compact K .
Problem 87. Is there a model of ZFC in which Cp(βω) has a dense hereditarily Lindelöf subspace?
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